Ramanujan conjectured that if n is of a specific form then/>(«), the number of unrestricted partitions of n, is divisible by a high power of 7. A modified version of Ramanujan's conjecture was proved by G. N. Watson.
Introduction
In 1919 Ramanujan [6] conjectured that if a 2s 1, if S a is the reciprocal modulo 5°o f 24 and if X a is the reciprocal modulo 7" of 24, then [21
Watson's partition congruences 317
In each case he proved his conjecture for a = 1 and 2. In 1938 Watson [7] proved (1.1) for general a. Watson's proof has been simplified by many writers of which the most recent are Hirschhorn and Hunt [4] . Chowla [2] noticed that (1.2) fails for a = 3. In fact from Gupta [3] we have />(* 3 ) = M243) = 13397 82593 44888, which is divisible by 7 2 but not by 7 3 . Watson [7] proved the appropriate modification of (1.2), namely that if /? s* 1 then n + \ 2p -4.7 2 *-') =p{l^n + \ 2/} -2.7 2 "-') X 2 / ? -7 2^-') =0mod7" +1 .
Watson proved (1.3) and (1.4) using the modular equation of seventh order. We also need the modular equation but we derive it using the elementary techniques of O. Kolberg [5] . The remainder of our proof of (1.3) is analogous to that of Hirschhorn and Hunt. Our main result stated below contains an algorithm for calculating the coefficients in the generating functions for p(T"n + X a ). We carry out these calculations for a = 1,2.
It is worth noting that Atkin [1] has generalised (1.1) and (1.3) to the functions p_ k {m). Atkin has proved his congruences in detail for powers of 5 but has only sketched briefly the basic formulae required for certain power primes. Here/?_£ is defined by
Our main result is THEOREM (1.6). If a s* 1, then The first seven rows of M are given in (1.9), and for i > 4 w,, = 0, for i > 8 m, 2 = n (I-?-)
The main result of this section is Lemma (3.1). Our proof relies on the modular equation of seventh order (3.14), which appears in Watson's paper but which we obtain by elementary method.
We now introduce the operators //,, 0 < / < 6 which act on a series of powers of q and simply pick out those terms in which the power of q is congruent to i modulo 7. Set H = H o .
and the m t j are defined by (1.9) and (1.10).
We leave the proof of Lemma (3.1) till later. As an immediate consequence we have the following lemma.
where the a i y , />, 7 are defined by (1.8).
PROOF. It is easy to check that H(i-~4') as a polynomial in T'
x has no terms of degree i or less. So by Lemma (3.1)
Therefore a-y = m 4i i+J = a, y , and
We can argue similarly to show that H(t
In order to derive the modular equation we first need some preliminary results. Following Kolberg [5] we define
From Lemma (2.1) we have
Qs = -(a + /J + y + 1). Then, by (3.7) we easily find
The following lemma is 5.20, 5.21 and 5.14 of Kolberg's paper.
LEMMA (3.9).
-Vi^+^s+^i = T+5, where T is defined in (3.3) and the y t are defined in (3.5) and (3.8).
PROOF. Let <o 7 = 1, « ¥= 1. Then, from Lemma (2.5), We therefore have to take the -sign in (3.11) so, yx+yi + ^3 = -r -8 ,
and the lemma is proved.
LEMMA (3.12). But £ 0 = £ and the lemma is proved.
We are now in a position to prove Lemma (3.1). From Lemma (3.14) it follows that Picking out those terms in which the power of q is congruent to 0 mod 7 we obtain: Before proving our main theorem we need one more lemma.
LEMMA (3.17). X a , the reciprocal modulo T of 24, satisfies X, = 5 and for a > 1,
A / -i-A a , a even.
PROOF.
= f £ ( 1 7 X 7 « + l ) , a odd, a |^( 2 3 X 7 a + l ) , a even, since this is an integer which satisfies 0 < \ a < T and 24 \ o = 1 mod 7". It is easily shown that this \ a satisfies the recurrence.
We are now in a position to prove Theorem (1.6). For convenience we write the theorem in the following equivalent form ix^TT^/qEW), a odd,
where T and £ are defined in (3.3) . We have
Picking out those terms in which the power of q is congruent to 5 mod 7, we have by (3.16)
So we have
Ramanujan's result: ) 4 and I" 1 = q 2 E(q 49 )/E(q) we obtain which is the case a = 1 of Theorem (1.6).
We now proceed by induction on a. Suppose a is odd and
Picking out those terms in which the power of q is congruent to 6 mod 7 we have by Lemma (3.4) , 
/qE{q>).
This completes the proof of Theorem (1.6).
We now turn to Watson's results. Let v(n) denote the exact power of 7 dividing n. Then
PROOF. Consider the matrix V = (K w , y )),,/>i-The first seven rows of Fare: Observe that for / < 7 and for i > 7, j < 2, v{m i j) that for i >l,j> 2, Since x 2^_ , , = 0 mod 7^ we obtain
(l+l for * = 2,4 and 5, which is the required result.
We have calculated x a for a = 1,2. They are x, = ( 7 , 7 2 , 0 , 0 , 0 , . . . ) , 
7'V

X )
T This confirms a result of H. Zuckerman [8] . We have omitted the calculation of x a for a 3= 3, since there are computational difficulties. For an idea of the size of these numbers see Hirschhorn and Hunt [4] , who have calculated the first four coefficient vectors corresponding to the generating functions for p(5 a n + 8 a ).
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